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Given: ABC is a triangle.  

O is the orthocentre of ∆ABC. 

From the given figure A is the orthocentre 

 for ∆OBC. 

Let ∠𝐵𝑂𝐶 = 𝑎, ∠𝑂𝐵𝐶 = 𝑏, ∠𝑂𝐶𝐵 = 𝑂 

∠𝐸𝐶𝑂 = 90 − 𝑎, ∠𝐸𝐶𝐵 = 90 − 𝑏 

⟹ 90 − 𝑎 + 90 − 𝑏 = 𝑐 

180 − (𝑎 + 𝑏) =  𝑐 

⟹ ∠𝐵𝐴𝐶 = 𝑐 + 𝑏 

∠𝐼𝑄𝑂 = ∠𝐼𝐵𝐶 = 𝑏  (∵ 𝐼𝑄𝐶𝐵 𝑖𝑠 𝑐𝑦𝑐𝑙𝑖𝑐 𝑞𝑢𝑎𝑟𝑑𝑟𝑖𝑙𝑎𝑡𝑒𝑟𝑎𝑙) 

∠𝑂𝐼𝑄 = ∠𝑄𝐶𝐵 = 𝐶 (𝐼𝑄𝐶𝐵 𝑖𝑠 𝑐𝑦𝑐𝑙𝑖𝑐 𝑞𝑢𝑎𝑟𝑑𝑟𝑖𝑙𝑎𝑡𝑒𝑟𝑎𝑙) 

As ∠𝑃𝐴𝐶 = 𝑏 =  ∠𝑃𝑄𝐶 (𝑠𝑎𝑚𝑒 𝑠𝑒𝑔𝑚𝑒𝑛𝑡) 

  ∠𝑃𝑄𝐶 =  ∠𝑂𝑄𝑅 = 𝑏 (𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙𝑙𝑦 𝑜𝑝𝑝 𝑎𝑛𝑔𝑙𝑒) 

⟹ 𝑂𝑄 𝑖𝑠 𝑎𝑛𝑔𝑙𝑒 𝑏𝑖𝑠𝑒𝑐𝑡𝑜𝑟 𝑜𝑓 ∠𝐼𝑄𝑅 

As ∠𝑃𝑄𝐶 = 𝑏 & ∠𝑄𝐶𝐷 = 𝑐  ⟹  ∠𝑄𝐽𝐶 = 𝑎 

   ⟹ ∠𝐷𝐽𝑃 = 𝑎   ⟹ ∠𝐷𝑃𝐽 = 90 − 𝑎 

𝒄𝒐𝒏𝒔𝒕𝒓𝒖𝒄𝒕𝒊𝒐𝒏:  𝐽𝑜𝑖𝑛 𝑂𝑅 & 𝐼𝑄 , 𝐵𝑃 

∠𝑂𝐵𝑅 = ∠𝑂𝑃𝑅 = 90 − 𝑎 ⟹ 𝑂𝑅𝑃𝐵 𝑖𝑠 𝑐𝑜𝑛𝑐𝑦𝑐𝑙𝑖𝑐 

∠𝐵𝑂𝑃 = 90 − 𝑏 = ∠𝐵𝑅𝑃 

𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 ∆𝑂𝐵𝐴 & ∆𝑂𝐵𝑅 

∠𝑂𝐵𝐴 = 90 − 𝐴 , ∠𝐵𝑂𝐴 = 90 − 𝑏 , ∠𝐵𝐴𝑂 = 𝑎 + 𝑏 



∠𝑃𝐵𝐶 =  ∠𝑃𝐴𝐶 = 𝑏 ⟹  ∠𝑃𝐵𝑅 = 90 − 𝑐 + 𝑏 = ∠𝑃𝑂𝑅 same segment 

⟹ ∠𝐶𝑂𝑅 = 𝑏 𝑎𝑠 ∠𝐷𝑂𝐶  = 90 –c  

In ∆𝑂𝐹𝑅 ∴  ∠𝐹𝑂𝑅 = 𝑏 ⟹  ∠𝑂𝑅𝐹 = 90 − 𝑏 

Now consider ∆ 𝑂𝐵𝐴 & ∆ 𝑂𝐵𝑅  

∠𝑂𝐵𝐴 =  ∠𝑂𝐵𝐴 = 90 − 𝑎 (𝑐𝑜𝑚𝑚𝑜𝑛) 

∠𝐵𝑂𝐴 =  ∠𝑂𝑅𝐵 = 90 − 𝑏 

∠𝐵𝐴𝑂 = 𝑎 + 𝑏 =  ∠𝐵𝑂𝑅 = 𝑎 + 𝑏  

  Hence by AA similarity    

 ∆ 𝑂𝐵𝐴 ~ ∆ 𝑅𝐵𝑂 

  
𝑂𝐵

𝑅𝐵
=  

𝐴𝐵

𝑂𝐵
=  

𝑂𝐴

𝑅𝑂
 

⟹ 𝑂𝐵2 = 𝐴𝐵 × 𝑅𝐵 

  

 

 

 


